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Internal gravity waves of small amplitude propagate in a Boussinesq inviscid,
adiabatic liquid in which the mean horizontal velocity U(z) depends on height
z only. If the Richardson number R is everywhere larger than }, the waves are
attenuated by a factor exp{— 2m(R — 1)}} as they pass through a critical level at
which U is equal to the horizontal phase speed, and momentum is transferred to
the mean flow there. This effect is considered in relation to lee waves in the air-
flow over a mountain, and in relation to transient localized disturbances. It is
significant in considering the propagation of gravity waves from the troposphere
to the ionosphere, and possibly in transferring horizontal momentum into the
deep ocean without substantial mixing.

1. Introduction

Many authors have studied theoretically small adiabatic perturbations to a
shear flow in a stratified inviscid fluid, in which the mean motion is uniform in
horizontal planes but varies with height z. Such perturbations may be of very
different types, ranging through sound waves and through motions depending
crucially on the vorticity in the basic flow to what are essentially gravity waves.

If the fluid density varies greatly across the flow the differences in inertia per
unit volume may be of great dynamical importance, but if the total range of
density is small the predominant influence of its variations may be through
changes in the weight of fluid per unit volume. Under such circumstances, a self-
consistent approach, generally known as the Boussinesq approximation, is to
regard the fluid as uniform and incompressible, except for the introduction of a
buoyancy force in the vertical direction, equal to the gravitational acceleration
g times the fluctuations of the density at each point and time from its mean value
there p(z). The stratification of the mean flow may then be described in terms of
a single parameter which may vary with z, the Brunt-Viisild frequency N,
defined by d5
Nz) = — 2%, (1.1)

This is the appropriate definition for a liquid. In a compressible atmosphere, the
same approximations may still be applied to disturbances of which the vertical
33 Fluid Mech. 27
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scale is small compared to the density scale height of the atmosphere, provided
that p in equation (1.1) is replaced by the mean potential density, i.e. by the
density that the air at height z would have if it were reduced adiabatically to a
standard pressure. Sound waves are thereby excluded.

In this paper the Boussinesq approximation is a convenient framework in
which to develop concepts which depend essentially on the buoyancy forces and
their interplay with the shear. These concepts may probably be extended into
a wider context, but for the present the approximation is adopted without
comment.

The importance of vertical variations in the mean horizontal velocity, which
has Cartesian components (U(z), V(z), 0), is measured locally by the Richardson
number N2

T Uy v
where the variable 2 in suffix position denotes differentiation. It was shown by
Miles (1961) and Howard (1961) that, if B is everywhere greater than %, small
disturbances to the mean flow will show no tendency to grow spontaneously with
time in an exponential manner; i.e. the flow is stable to disturbances of small
magnitude. We shall confine our attention to such stable situations.

If the basic velocity (U, V) vanishes, small disturbances take the form of
internal gravity waves, in which there is an oscillatory interchange between
disturbance kinetic energy and gravitational potential energy associated with
deformation of the surfaces of constant density. The properties of such waves
are described succinctly by Chandrasekhar (1961, p. 85) and in more generality
by Eckart (1960). If U, V vary with z, the disturbance is modified by the shear,
but, if the Richardson number is larger than %, the energy interchange is still of
the same type as internal gravity waves.

Such internal gravity waves, modified to a greater or less extent by shear, are
common in the terrestrial atmosphere, and probably also in many stellar atmo-
spheres. For a review of reported cases see Bretherton (1966). They may be
travelling relative to the surface of the earth, having been caused by some
transient irregularity such as a thermal, or they may be stationary, appearing
as lee waves behind a mountain range or other obstacle. They are also found
almost everywhere in the oceans (La Fond 1962).

In this paper we draw attention to a mechanism whereby internal gravity
waves, once generated, may be reabsorbed by the mean flow without necessarily
invoking turbulence or other dissipative processes. It arises for a sinusoidal wave
with horizontal phase velocity c, at a level z, at which the component of the basic
flow parallel to the horizontal wave-number is equal to c¢. At such a level, if the
basic velocity profile is such that it exists, the frequency of the wave relative to
the surrounding fluid vanishes. It emerges that, as a wave propagates vertically
through the critical level, it is strongly attenuated. The Reynolds stress, which is
an appropriate measure of the magnitude of the wave, is reduced on the other

side by a factor exp{—2m(R,— 1)1}, (1.3)

where R, is the effective Richardson number at the critical level based on the
vertical gradient of the component of the basic flow parallel to the horizontal

(1.2)



Internal gravity waves in a shear flow 515

wave-number. B, is always larger than or equal to E. If R, is unity or larger this
is a very substantial reduction (5 x 103 when B, = 1, 6 x 10~¢ when R, = 4). The
range 1 < R < lisrare in the atmosphere, except possibly below jet streams, and
we shall give most of our attention to the case when R is moderately large (unity
or larger). Viscosity and heat conduction are entirely ignored, so the absorption
does not depend on their action. Extension of the analysis to include them is
probably feasible but has not yet been done. By analogy with the critical layer
in hydrodynamic stability theory for unstratified flows (Lin 1955, ch. 8) it may
turn out that the change in Reynolds stress described by (1.3) is independent
of their magnitude, provided only they are small.

Scorer (1949) investigated the stationary train of lee waves behind a two-
dimensional mountain in a stably stratified air stream of which the mean hori-
zontal velocity U(z) normal to the mountain crest varies with height z. A station-
ary sinusoidal wave train is possible in which the vertical disturbance velocity
has the form

w(x, z) = R[D(k, 2) eth], (1.4)
2
where z’bzz-}-(%z——%”—kz)zﬁ = 0. (1.5)

This equation is based on the Boussinesq approximation and a linearization
about the basic flow.

The original object of the present study was to clarify theoretically how lee
waves are affected if the wind U(z) reverses at some height z,. At such a critical
level equation (1.5) is singular. It is not obvious whether solutions for the regions
above and below z, may legitimately be joined to one another, or if so how. The
present approach yields information about the time development of lee waves in
such a basic flow, but the final steady state is beyond the scope of the theory.
Information is gained about the dynamical processes leading to the development
of large horizontal perturbation velocities around z, but ultimately the lineariza-
tion used becomes invalid, and the waves probably degenerate into turbulence
near the critical level. Nevertheless, the principles of the analysis are also applic-
able in other circumstances which are not open to this objection.

The two-dimensional transient disturbance produced by temporary extraneous
forces may also be represented as the superposition of a continuum of travelling
sinusoidal waves

® 4o
w=R [;Tf dkf dc@(k,z,c)eik(f‘c‘)]. (1.8}
0 —®
Each Fourier component has a well-defined horizontal wave-number k (assumed

positive) and phase velocity ¢, and a vertical structure satisfying

A
W T\ (U =c)2” U—c

_kz}w =0, (L.7)

which is, not surprisingly, Scorer’s equation for a stationary wave in a mean flow
U(z) — ¢. Equation (1.7) was originally derived by Synge (1933). Again the problem
arises of matching across the critical level, but consideration of an initial value
problem shows that this should be resolved by reference to the complex ¢-plane,
33-2
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with the imaginary part ¢; > 0. This procedure leads inevitably to the conclusion
that the magnitude of the wave is different above and below, and if R is moder-
ately large a disturbance arising on one side of the critical level is effectively con-
fined to that side. If R < 1 the matching is quite different, and it is sometimes
possible, though not inevitable, for normal mode disturbances to grow spon-
taneously without exterior forcing. The basic flow is then unstable. We shall con-
sider only R > } and invoke the Miles—Howard (1961) theorem that such unstable
waves do not exist,

Such a resolution presupposes that at a given instant of time the velocity field
is known everywhere and the subsequent developments are being followed. Then
a Laplace transformation in time is appropriate. The inverse transform is for-
mally identical to a Fourier transform, except that the contour of integration
lies in the complex c¢-plane circumventing any singularities (such as at ¢ = U{(z))
in a prescribed manner. If it is required that, at some time in the future, the
velocity field shall take on a predetermined form, then the resolution with
¢; < 0is the appropriate one, and the matching conditions across z, are different.
Such a condition, however, violates our preconceptions about causality, and we
shall consider only systems in which causes are prescribed, and events follow
causes. An alternative procedure is to keep ¢ strictly real, but to include heat
conduction and viscosity in the problem. This leads to a sixth-order differential
equation in w(z). It has not been established whether this leads to the same con-
clusion as the initial value problem.

For alocalized transient disturbance a continuous range of values of the wave-
number k and phase velocity ¢ must be considered, with the appropriate vertical
structure w(z) for each. The critical level will thus be different for each Fourier
component (if it exists at all), and the singularity at z, for each separate com-
ponent is not manifest in the complete velocity field, and the linearization remains
valid. Nevertheless, the qualitative effect of the critical levels on the disturbances
as a whole is profound. The absorption takes place over a finite volume, but is
none the less real for that.

This absorption follows from what is at first sight a technical detail in the
mathematics. A more physical explanation has been given by Bretherton (1966),
who examined the motion of wave packets of arbitrarily small vertical wave-
length in a stratified shear flow under the assumption that the Richardson num-
ber was also arbitrarily large. These assumptions are necessary for the consistency
of the concepts of wave packet and group velocity. It was shown that a wave
packet, moving with the appropriate local group velocity, would approach the
critical level for the dominant frequency and wave-number for the packet, but
would not reach it in any finite time. It would thus be neither reflected nor trans-
mitted, and effectively absorbed. As the wave approaches the critical level its
horizontal wave-number and frequency relative to the ground remain constant,
but its frequency relative to the surrounding fluid decreases to zero. This is
associated with a decrease in the vertical wavelength and the disturbance velo-
city becomes more and more nearly horizontal. At the same time, all the com-
ponents of the propagation velocity relative to the surrounding fluid become
smaller and smaller.
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In the present analysis the concept of group velocity is not invoked, and the
Richardson number is finite. Some of the wave motion does penetrate the critical
layer, but if the Richardson number is moderately large this amount is exponen-
tially small. No approximations are made, other than the Boussinesq approxima-
tion and the linearization about the basic state. However, it is an unfortunate
fact that, although the mathematical principles on which the present result is
based are quite general and of wide application, it is difficult to find simple
illustrations in which all the integrals involved can be evaluated in terms of
elementary functions and the complete veloeity field worked out and presented.
Although some formal solutions are easily obtained, to comprehend them re-
course must be had to methods for the asymptotic evaluation of integrals. These
are difficult to present compactly together with a discussion of all the analytical
subtleties, and they obscure the simplicity of the basic argument.

Accordingly, we present in §§2, 3 a general discussion of the motion in the
neighbourhood of the critical level for a single sinusoidal component, together
with evidence for the correct physical interpretation of various terms. In §4 we
consider formally a specific example, the time development of a stationary train
of waves above a corrugation in the lower boundary which is introduced suddenly
at time ¢ = 0, and in §5 we consider the flow field for this problem a long time
later, although the details of the asymptotic analysis are somewhat sketchy. In
§ 6 we consider some of the features of the flow after a general transitory disturb-
ance has been induced in it and largely propagated away and reabsorbed. The
characteristic pattern of critical-layer absorption is found for a continuous
spectrum of frequencies but a single sinusoidal wavelength, and this is extended
to a narrow band of wavelengths. These qualitative features are interpreted by
considering the general disturbance as the superposition of a large number of
wave packets. Finally, we calculate the additional momentum imparted to the
mean flow by the critical-layer absorption of a localized disturbance. Once
obtained, this can be immediately generalized to show the effect of a random
distribution of disturbances.

Throughout, only two-dimensional perturbations to a unidirectional mean
velocity field U(z) will be considered. Fourier analysis of a three-dimensional
disturbance in a wind whose direction changes with height is inevitably in terms
of two-dimensional waves, each with its own (vector) horizontal wave-number,
and each affected only by the mean flow parallel to the horizontal wave-number.
Thus all inferences about the critical layer in two-dimensional motion are directly
applicable in three dimensions, with the proviso that the effective Richardson
number will depend on the orientation of the wave-number, butis always greater
than or equal to that defined in (1.2).

In the interpretation given in this paper, stress is laid on wave motions which
are propagating at an angle to the horizontal, either upwards or downwards,
rather than on the oscillations which occur in the waveguide formed by a strati-
fied fluid between two rigid horizontal bounding surfaces. In describing standing
lee waves it is natural to look for circumstances in which wave energy is trapped
in a waveguide near the surface of the earth by some natural lid at which total
reflexion of an upward propagating wave takes place. This occurs, for example,
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if there is an overlying deep layer of homogeneous liquid (N2 = 0; U, V constant)
for it is apparent that equation (1.7) is there exponential in type. However, such
total internal reflexion is exceptional, and usually some at least of the wave
energy continues to propagate upwards (Eliassen & Palm 1960). The waveguide
is then imperfect. Upward propagation may continue to great heights and is
probably of great importance in the upper atmosphere (Hines 1963). Anyhow, it
is normally physically instructive to distinguish as far as possible between the
upward and the downward propagating components at each level. If there is a
critical level it is imperative, for waveguide modes with real phase velocity do
not exist. This follows because the Reynolds stress for the upward and downward
components must then be everywhere equal and opposite, in order to satisfy the
upper and lower boundary conditions, which is inconsistent with the matching
conditions across z,.

One geophysical application of these results is concerned with limitations on
the propagation of gravity waves from the troposphere up to the ionosphere. This
has already been discussed by Bretherton (1966). At a late stage in the prepara-
tion of the present manuscript the authors discovered that absorption at a
critical layer has also been postulated simultaneously and independently by
Hines & Reddy (1966), although the method of analysis is different, and some of
the consequences for the upper atmosphere are discussed there.

Another possible application, which awaits quantitative evaluation, is in the
oceans. Horizontal phase speeds for internal gravity waves there are generally
less than 1 m/s, and considerably smaller in the higher waveguide modes. No
direct measurements have been made of phase velocities, but it seems plausible
from considering orders of magnitude of the ocean currents that critical levels
will occur fairly frequently. It is not possible from existing data to estimate how
much energy or momentum is present in modes with a critical level. The mechan-
ism described here then implies the vertical transfer of horizontal mean momen-
tum into the depths of the ocean, without significant mixing of fluid particles.
In other words, it exposes the possibility of an effective vertical diffusivity for
momentum which is very much larger than the diffusivity for salt or other tracers
used in water mass analysis. If substantiated, this conclusion could have con-
siderable implications in the theory of the general circulation of the oceans.

2. Sinusoidal waves near the critical layer

We make the following assumptions:

(a¢) the motion is two dimensional;

(b) it is inviscid and adiabatic;

(¢) the Boussinesq approximation;

(d) the rotation of the earth may be neglected;

(e) the perturbation velocities (u, w) from the basic state U(z) are so small
that 5 5

ua-{-w
ot

ox 0z <

0
LUL

throughout the region of interest;
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(f) the Richardson number
R =N2:U2>1 everywhere;

(g) at each critical level U, > 0.
It is of interest to inquire into the effects of relaxing assumptions (b) and (d),
but this cannot be pursued here. Assumptions (a) and (g) are made for conveni-
ence of presentation. If U, < 0 at the critical level, some signs must be altered
in the matching conditions, and the interpretation of some terms must be re-
versed. The differences are tabulated at the end of §3. Assumption (e), on the
other hand, is of critical importance to the analysis. For a pure sinusoidal wave it
would seem inevitably to fail just at the critical level where 9¢/ot+ U o/ox
vanishes. However, every disturbance which is not completely steady or periodic
in time must be represented as the integral over many sinusoidal components,
each with a different critical level, and the importance of the non-linear effects
must be measured by the effects of the operators in agsumption (e) on the com-
plete velocity field, not on the individual components. This importance may be
assessed a posteriori, by making the linearization, computing the velocity field
on that basis, and then substituting to obtain the magnitude of the non-linear
terms. If the velocity field obtained by the linearized theory is everywhere finite
and differentiable, then for sufficiently small amplitude disturbances the linear-
ization is justified. A pure sinusoidal wave with real phase velocity always has a
singularity at the critical level, but the disturbances considered here, which
develop from a state of rest relative to the basic state, are all continuously
differentiable at all finite times after their initiation. In the motion above a
stationary corrugation on a boundary, discussed in §§4, 5, the non-linear terms
ultimately become important in a neighbourhood of the critical level, however
small the corrugation, but, in the disturbance produced by a transient stimulus,
this is only so after the disturbance has been almost entirely absorbed, if at all.

It may be shown (Bretherton 1966) that the vertical velocity w satisfies the
linearized equation

2
(647 %) Warwd—(5+72) Cuwd+ N 0. )
It follows at once that a Fourier component with the form (1.6) has a vertical
structure satisfying equation (1.7). For a uniform stream with U independent of
2, this reduces precisely to the governing equation for internal gravity waves, the
gravitational restoring force being measured by N2. In a shear flow, the vertical
variations of mean vorticity may also provide a restoring force, measured by
— (U —¢)U,. The critical level z, for the component, if it exists, is defined by

Uz)—c. =0, (2.2)
where ¢ =c,+1c;. (2.3)

If ¢ is real (c; = 0), equation (1.7) is singular there.
The mathematics necessary to connect solutions of equation (1.7) on the two
sides of the singularity is given by Miles (1961). Our main concern in this paper
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is with the interpretation of this analysis, so it is necessary to restate part of it.
We shall assume that ¢, is small, specifically

U U2, < 1. (2.4)

Then we may use the method of Frobenius to obtain expansions in power series
of the two independent solutions. Near the critical level the complete solution

has the form io.\ bin e\ d—in
W=A(z—zc—ﬁi) +B(z—zc—ﬁi) , (2.5)

z 2z

where A and B are arbitrary constants and
u=(R-1i>o0. (2.6)

If ¢; = 0, there is a branch point at z = 2z, in both solutions. The inclusion of
further terms in the power series does not modify the structure near the branch
point; it multiplies each solution by a function of z —z,and of ¢, which is analytic
in each variable in a neighbourhood of the origin and tends to unity there.

Ifc; > 0,then, as z—z,decreases from positive values which are large compared
with ¢,/ U, to negative values, the argument of z — z, —ic,/U, changes continuously
from 0 to — 7. If, for the sake of definiteness, we fix the branch of the complex
powers in (2.5) by taking

(—z)itit = |z—z |betrb—2d if 2>z, (2.7)

then it follows that the correct interpretation is

z < 2z,

(z—z e — _jeun |y |3 e—inle—z
o) |2 —2| (2.8)

(z—z)t " = —ier7|z—z|teirisal

Thus the magnitude of each term in (2.5) at a given distance from the critical
level is not the same above and below it but differs by a factor of exp (+ 2ur),
however small ¢, may be provided only that it is positive. This is the mathe-
matical ground for the main assertions of this paper. The expressions (2.8),
however, oscillate rapidly near z ==z, These results hold for general N2(z)
and U(z) provided these are continuous and sufficiently differentiable. They fail,
however, for a situation in which N? and U are stepwise constant, and such
layered models of a continuous situation are totally inadequate for discussing
the present situation.

3. Upward- and downward-propagating waves

In this section we seek to interpret the solutions just described as upward- and
downward-travelling waves. In a medium of which the properties vary substan-
tially over a wavelength it is difficult to specify exactly which part of an oscilla-
tory motion corresponds to a wave travelling in the upward direction and which
in the opposite one, for there is a continual interchange between the two. In a
uniform medium, on the other hand, precise and physically important identifica-
tions may be made. When the properties of the medium vary slowly with position
such an identification also seems appropriate (Bretherton 1966), and in the
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present case is helpful in understanding the implications of the mathematics.
There are difficulties about imparting precision to it when the value of #, which
is a measure of the Richardson number, is too small, but as our main interest is
with large (though not infinite) # we shall not dwell on them. First, however, we
must be quite clear about the corresponding interpretation in a uniform medium.
It is clear from (1.7) that, in a uniform medium in which U and N are constant,
every wave with horizontal wave-number k and phase velocity ¢ has a vertical

structure of the form
D = Aem 4 Be—ime, (3.1)

where A, B are arbitrary constants, and

m = {(Uijc)i_kz}%' (3.2)

For the sake of definiteness, we settle the branch for m by requiring that

if ¢,>0, m;>0. (3.3)
This implies that

2

N
i 2
if k <(U——c)2’

K/ pur
. e . (3-4)
and if k2 > ([J——C)2’ m ~ ik.

The complete spatial distribution of velocity associated with the first solution
in (3.1)is w = R[A exp{i(kx+ mz—kct)}],
and it represents a plane wave with phase front

kx +mz — ket = constant,

at least for the range of frequency kc for which m and ¢ are real. If U — ¢ is nega-
tive, so that the wave is propagating in the positive Oz direction relative to the
air in which it is, mis also negative, so the phase fronts move downwards, whereas,
if U — cis positive, m is also positive. Thus the first solution describes a wave with
a downward component of phase velocity. Nevertheless, the influence of such a
wave propagates upwards, and we shall interpret this solution as an upward-
travelling wave. The second solution

D = Be-imz

will likewise be interpreted as a downward-travelling wave. Such an interpreta-
tion has been given by Eliassen & Palm (1960) and other writers, but its sig-
nificance has not always been understood by everyone working in the field, and
controversy has resulted (Scorer 1954). We shall look at it in three ways.
In the first, we note that the frequency w (= ke) is given from (3.2) as
kN
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According to (3.4) we must take the — sign when m and U — ¢ are positive, and
the + sign when they are negative. In either case, for the first solution
ow kNm  km(U—c)?

m e NE (3.6)

which is always positive. But according to theory which is standard in a uniform
medium this is the upward component of group velocity. A slow modulation on
a sinusoidal train of this wave-number moves without change of shape with this
velocity. In a slowly varying medium the form of the modulation may change,
but it still moves essentially with the group velocity (Bretherton 1966).

A second view of the first wave solution of (3.1) comes from considerations
of energy. The total mean rate of working by the fluid below any level on the
fluid above is pw, where p is the disturbance pressure, and — denotes an average
over a horizontal wavelength or over a period. The equation of horizontal
momentum for the disturbance

1
(U—C)uz—i-sz =0,
where g is the mean density, shows that
+pw = —p(U —¢) waw, (3.7)

and it is easily shown that for the solution exp (¢mz) the latter is positive. Thus
wave energy is flowing upwards. For the solution exp ( — imz) the flow of energy
is downwards. However, puw also describes the mean rate of upward transfer of
horizontal momentum by the wave, so such a transfer is inseparable from the
flow of energy.

The third way of seeing that the first solution of (3.1) represents an upward-
travelling wave is by considering ¢ slightly complex. We have seen that, if the
wave motion began at a finite time in the past, it is significant to consider a
slowly growing wave with ¢; > 0. Because of (3.3) the solution A4 exp (imz)
tends exponentially to zero as z—>oco. Thus the wave amplitude at every point
increases with time, but at any given time it is smaller for more positive values
of z. Changes in amplitude thus move upwards. The solution B exp(—imz),
on the other hand, is exponentially large as z— o0, and represents a downward-
propagating wave.

Each of these three ways of viewing an upward-travelling wave in a uniform
medium has its counterpart when applied to the solutions near the critical level
which are given by (2.5). The function (z—z,)}*%# oscillates rapidly when z-—z,
is small, although the amplitude and wave-number change with position. If z— z,
is real and positive

(z— 2z )}t = |2—2z,|t[cos ulog |z —2,| +isin ulog |z —z|]
so the local wave-number would seem to be

=2
m= o (3.8)
If u is large, this and the wave amplitude change relatively little over a vertical
distance m=1, so that the wave is locally sinusoidal. Equation (3.8) also describes
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variation in phase when z—z, is real and negative, but according to (2.8) the
amplitude is different. Now if U, is positive

g N(Q-}R) N

z2—z, U, z2—-2,  UR-c

(1-§R-1) (3.9)

and comparison with (3.4) shows that if R is large this is almost identical with the
corresponding expression for the wave-number of an upward-travelling wave in
a uniform medium. Since (3.9) holds on both sides of the critical level, the
wave-number also changes sign with U(z)—c, consistent with (3.4).

Alternatively, we consider the Reynolds stress and the vertical energy flux for
the two solutions (2.10). Following Miles (1961),

- _%C{IAP—\BP} when z >z

(4

= +%C{IA]262’”'— |B|?e~2#7} when z <z, (3.10)
This is essentially discontinuous across z,, for each solution separately changes

sign as well as magnitude. However, for the first solution A(z —z,)3+#, the energy

flux
—p(U —c)uw

is positive both below and above, and for the second solution it is everywhere
negative. So the first wave is associated with an upward transfer of energy.

It was pointed out by Eliassen & Palm (1960) that for any stationary sinu-
soidal pattern of waves in a shear flow the Reynolds stress is independent of
height (corresponding to a constant upward flux of horizontal momentum), but
the energy flux is not (because there is an interchange of energy between the
wave and the mean flow associated with the transfer of momentum up or down
the gradient of mean velocity U(z)). Their proof of the constancy of the Reynolds
stress fails at a critical level, because any exponential growth of the wave (how-
ever small) is crucially important there, and the wave pattern cannot be regarded
as unchanging in time. If the upward-travelling wave is identified, as here, with
the first solution, the Reynolds stress is reduced in magnitude after the wave has
passed through the critical level. Below z,, the sign of the Reynolds stress for this
solution is such that the wave gives up its energy to the mean flow as it moves
upwards, and the energy flux decreases with height. Above z, the wave regains
part of its energy, but the measure of its regenerative capacity is the Reynolds
stress, which is attenuated by a factor exp(—2um). The second solution
B(z —z,)}~** describes a downward-travelling wave, with a downward-energy flux
and a Reynolds stress which is smaller in magnitude below z, Thus it too is
attenuated on passage through the critical layer.

Finally, we look at the amplitude of the motion when ¢, > 0, and the wave is
growing in time. Unlike a wave in a uniform medium, the motion is only different
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from the case ¢;—~0 in a limited region above and below the critical layer; in
which the frequency relative to the fluid k(U —¢) is comparable to or smaller
than the growth rate ¢;,, However, in this region the amplitude of the vertical
velocity for the upward-travelling wave passes smoothly between the expression
A|z—z,|texp (umr) appropriate well below the critical level to that appropriate
above A|z—z,|}, which is substantially smaller. In this region the amplitude of
the growing wave decreases upwards. Conversely, for the downward-travelling
growing wave the amplitude is larger at the top of the transition region than it is
at the bottom.

Rela-
tive
phase
veloe- o] Propa-
w(z) ity |z—2|® uw pw  gating
d+ip
U, >0 Afz—— >z 4] AP +
U, 2k Up
<z, N\ | A e +2"_k|A|2e2w +
3—ip
B(z_i) 2>z, N |B| + 2B -
U 2k Down.
r<z, N | B| e=#m ——%]Bﬁe—zlm —
tip
U, <0 A(z—é—) 2>z {4] _%,Aiz —
? Down
<z, N |A|e—#m +§CIA|26—2M —
3—ip
Blz—— 2>z N\ |B| +ﬁ[B|2 +
U, 2k Up
r<z, | B| esn —5;|B|2e2mr +
TaBLE 1. Summary of the properties of the two solutions near the critical level.

p# = [(N2/U2)—1]% is assumed real and positive throughout. The arrow indicates the
quadrant in the (x, z)-plane in which the phase veloeity relative to the fluid at that level
lies. The wave fronts are always perpendicular to the relative phase veloecity, with slope
|w|/ju|. This slope is equal to k|z —z.| and hence varies with position.

Before leaving the physical interpretation it should be noticed that for the
solutions with ¢; = 0, although the vertical velocity w is small near z = z,,

D
. 2 ,ikx
u—RL,ke ]

is large there, and varies in magnitude like (z — z,)~%. This is consistent with the
particle motion becoming more and more nearly horizontal as z, is approached;
the kinetic energy is entirely in the horizontal motion, but the potential energy is
still associated with vertical displacements, so the wave frequency tends to zero.
The wave energy per unit volume varies as (z—z,)~%, and the shears associated
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with the wave vary as (z—z,)~%. However, if ¢; & 0 all these infinities at 2, dis-
appear. For a growing wave the horizontal velocities have not had time to build
up to a very large value. The singularities are characteristic of a stationary wave
train which has persisted for an infinite time. When a wave of definite frequency
is being systematically and continuously generated elsewhere in the flow by the
boundaries or other causes (as in lee waves) this build-up is of great importance
(see §§4, 5). For transient motions, on the other hand, with a continuous distribu-
tion of Fourier components, each with infinitesimal amplitudes, singularities in
the total integrated disturbance may never appear: they are an artifact of the
analysis in each component.

4. The time-dependent disturbance above a sinusoidal corrugation

As an illustration of the remarks of the preceding two sections, we consider
here in formal detail a specific problem which is in many respects similar to those
considered by Case (1961) and Eliassen, Hoiland & Riis (1953). We take N2 to be
independent of height and U(z) as shown in figure 1.

Ui)=U'(z—h) (0<2z< 2h)

=Uh (2> 2h). (4.1)
U(z; N?
@

[
z W, @ k
L S e e S
] h

W‘

>

2nik

Ficure 1. The basic state, showing the critical level (broken line) and the
critical layer (hatched).

The fluid is unbounded above, and initially at rest everywhere;
t<0;, w=0 everywhere. (4.2)

At time ¢ = 0, a disturbance is introduced by raising a sinusoidal corrugation
on the lower boundary at z = 0, and subsequently maintaining it;

t>0;, w=acoskr on z=0. (4.3)

This vertical velocity would be induced by the mean wind — U’A flowing over
a corrugation of elevation — (a/U’kk)sin kx. The disturbance due to an isolated
mountain would be obtained by superposing such disturbances for many differ-
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ent values of £, but this superposition does not introduce any novel features into
the analysis. The assumed time dependence of the elevation of the lower boundary
is also unrealistic: it is formally a convenient way of defining a well-posed initial-
value problem. An alternative is to envisage the mean flow U(z) increasing from
rest to the prescribed profile.

The upper boundary condition is

{>0; w—>0 as z->o0. (4.4)

A long time after the disturbance is introduced, it may be necessary to look at
very large values of 2 to find the disturbance small, but we are assuming that, for
any given ¢, it is always possible. The source of the disturbance is thus un-
equivocally at z = 0.

The governing differential equation for small perturbations w(z, z, t) is equa-
tion (2.1). If the amplitude a is sufficiently small, the linearization on which this
is based is self-consistent a long time after the motion begins. For any given
amplitude, however, it ultimately breaks down. Nevertheless, we investigate the
solution up to the time that the theory becomes inconsistent, and may in principle
justify this for any value of ¢ by taking a sufficiently small. With the broken line
profile of equation (4.1), U,, is everywhere zero, except at the height 2z = 2h. At
this level U,, in the governing equation may be replaced by a delta function

L. = — U'8(z— 2h) (4.5)

or equivalently the pressure and vertical velocities may be matched across a
perturbed interface between two separate fluids in regions (1) and (2). The latter
procedure leads to the same linearized matching conditions at z = 2% as are
obtained by formally applying (4.5).

It is convenient at this stage to introduce dimensionless variables

x z2—h ,
£=7 =72 1=U (4.6)

a dimensionless wave-number and phase velocity
k=kh, y=c/Ubh, (4.7)

where, without loss of generality, « is taken as positive; together with the

Richardson number R=P+1= NyU™ (4.8)
To obtain a complete solution, we assume everywhere a sinusoidal variation
with £, and then Laplace transform in time,

’M)(g, gr T) = R[’[Z)(g, T) eixg]

1 © }
7 — 7 IKYT .
DY) = g | BED T (4.9)
bearing in mind that the relevant part of the complex plane is where y, > 0.
This integral (4.9) then converges rapidly for all disturbances which do not in-
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crease exponentially or faster as 7— 0. The Laplace transform of the governing
equation assumes different forms in regions (1) and (2):

2

region (1): 127§§+{(—11_e—y)§—1<2}127 =0 in {>1, (4.10)
. " B2 AN 3

region (2): @y + W—-K @#=0 in —-1<{<1, (4.11)

Each of these is simply Scorer’s equation (1.7). The curvature of the velocity
profile is not neglected; it appears in the matching conditions

1 at {=1. (4.12)

The remaining boundary conditions are

region(l): #—>0 as {—>o0, (4.13)
a 1
V(@m) ixy

The pole at y = 0 in (4.14) arises from the specific time dependence assumed
in (4.3). If the forcing at z = 0 is removed again after a finite time 7,, the factor
1/ixy must be replaced by

region (2): @ = — {=—-1. (4.14)

1 .
o 1 — p—KYT s 4. 1
ey (1) (4.15)
which has no singularities in the complex y plane. The singularities in the steady
solution of our problem which appear as 7 — co are associated with this pole, and
are a consequence of the forcing being maintained for an indefinitely long time.

In region (1), the only solution of equation (4.10) which is consistent with the

upper boundary condition (4.13) is

® = A4,emED, (4.16)

R2 3
where m, = ~———/<2} 4.17
! :(1—7/)2 (4:17)

with #(m,) > 0 when vy, > 0. This branch is forced by the vanishing of w for large
¢ under the conditions for which the Laplace transform (4.9) is convergent, i.e.

v; > 0.
In region (2), the general solution is
D = (§—7)H{dy L, (kK —ky)+ By I, ,(k{~k7)}, (4.18)
where I;,, I_;, are the modified Bessel functions of the first kind, with complex

order #¢u. Near the origin
I, ~ A D
i T@Ep+1)’
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so, if the constant 4 is replaced by
A(— 3D (ip+1),
the structure of equation (4.18) near { = v is identical with that described in
equation (2.9).

It is a straightforward matter of algebra to apply conditions (4.12) at the
interface and (4.14) at the lower boundary to determine the constants 4,, 4,, B,.
We write, for bI‘eVlty> I;,u(/\) — (d/d/\) Ii,u(/\)’

A =k(l=y), Ag=«(—1-7),
and
Qy) = {3 +im(1-7)} {Ii,;(/\z) ‘I—’l:,u(Al) - ‘I-—’I:/t(A2) ‘I’IZ/L(AI)}
+ AI{I;/L(AI) Ii,u(/\z) - I’—’I:/L(Al) Ii,u(AZ)}‘

. . ~ a 2Zipl ( 1—vy )*lz .
Then in region (1 D = s etmif 4.19
gion (9 Jen iy g\ =17 (1)
whereas in region (2) @ is determined by
a 1 {E+im(l—y)_;(A)—=A T, 1
4 = L ZASe Ut e 7 , 4.20
2 J@myy Q (—1—p) (4.20)
a 1 {3+em(l—y)}1;,(A) -\ 1
B = 2 Tp\t1 1 'L,u________. 4.21
2 Jzm) ey ¢ (—1-7 2
The complete formal solution to the problem is then given by the inverse Laplace
transform o
— ik§ B —ikyT 4.9
e 2t) = Rles o [ o ey, (4.22)
T

where the contour of integration I lies along the real y-axis, except where there
is a singularity in the integrand, in which case it lies above, in y; > 0.

5. Asymptotic analysis for large <

The integral (4.22)is in general hopelessly complicated, but if 7 is large methods
of asymptotic analysis akin to that of ‘steepest descents’ (Jeffreys & Jeffreys
1946, p. 472) may be applied to give great simplifications. The dominant contribu-
tions to the integral come from neighbourhoods in the complex v plane of points
where either the integrand is singular, or the derivative with respect to v of the
coefficient of 7 in the exponent vanishes. If { is kept finite as 7— o0, there are no
points in the latter category (‘saddle points’) and the largest contribution comes
from the pole at y = 0.

We shall see that this implies that, except in a neighbourhood of the critical
level at £ = 0 which shrinks with time, the motion everywhere becomes that for
a standing wavepattern satisfying Scorer’s equation, except that the magnitude
of the motion above the critical layer is given by the matching conditions de-
veloped in §2. Thus, if the Richardson number ~ 1 or greater, the motion above
the layer is very drastically reduced in magnitude. Superposed on this steady
pattern are several small decaying oscillations. One of these is the remnant of the
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transient waves induced by the impulsive start to the motion as they are absorbed
in the shear layer, each at the critical level appropriate to their frequency.

There is a region above and below the critical level which decreases in thickness
as time goes on and in which the motion is not yet steady, even to a first approxi-
mation. We shall call this region the critical layer. Above and below it the steady
state is achieved quite quickly; within it the maximum magnitude of the horizon-
tal velocities increases with time, but after any finite interval the velocities
and their spatial derivatives are everywhere finite and well behaved. In the
critical layer the horizontal momentum associated with the upward-travel-
ling wave is nearly all transferred into the mean flow and the wave is effectively
absorbed.

If {7 iskept fixed as T— o0, the largest contribution comes from a saddle point.
It describes an upward-moving dispersing group of waves, the dominant fre-
quency at any point being exactly such that the corresponding vertical com-
ponent of group velocity is {/7. Above this group the disturbance has not yet
penetrated; below it the steady-state solution of Scorer’s equation is achieved.
It describes the influence of the impulsive start to the motion, but ultimately
passes by any given point.

To see these results it is necessary to catalogue the singularities of the integrand
in equation (4.22). These are:

(@) v = 0, pole, arising from the applied boundary condition (4.3);

(b) y = -1, branch point, A, = 0;

(¢) y = +1, branch point plus essential singularity, A; = 0, m; —o0;

(d) y = 1+ R/x, branch point, m, = 0;

(e) v =¢ |¢| < 1, branch point, ({—y)2 1., [x(—y)] = 0.

In addition there are possible poles where @ = 0. It is difficult to be certain
where all these are. There are none in y; > 0. This follows from a theorem proved
by Howard (1961), that in a general stratified shear flow there are no exponen-
tially growing or decaying normal modes for a disturbance which vanishes on
the boundaries and at infinity, provided the Richardson number is everywhere
larger than ;. A zero of @ in ¢; > 0 corresponds precisely to such an exponentially
growing mode. Howard’s theorem does not rule out zero’s in y; < 0, for the ex-
pression for @, continued analytically across the real axis from y, > 0, does not
vanish as z—> co. Such zeros need not concern us here, as they describe exponen-
tially decaying solutions. Since I;, is essentially a complex number even if its
argument is real, it seems unlikely that there are any on the real y axis. If atten-
tion is restricted to A;, A, small (equivalent to considering only waves whose
vertical scale is small compared with their horizontal scale), the zeros of @ may be
found explicitly and are not relevant to the present analysis, although in placing
them care must be taken to remain on the correct Riemann sheet in the y-plane,
corresponding to a continuous deformation from 7y, > 0, with the branch of
I, correctly defined.

Assuming that singularity (e) does not coincide with any of the others, we
deform the contour of integration I' according to figure 2, so that almost all of
it lies in the region y; < 0. As 7— o0 the integrand is exponentially small, except
in those regions which are near the real axis y, = 0.

34 Fluid Mech. 27
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For fixed ¢, the dominant contribution to the integral (4.19) comes from the
pole at y = 0, and is equal to 27i times the residue at the pole. Thus, as 70,

w(§, &, 1) > R[(2m)ixlim (yid(y)) ei*e]. (8.1)
y->0
. 2na . Ly
In region (1) w~R ~00) exp [s(R2—«?)E{+ mg]],
650 ® C) (@ (@ (© @
i -1 1-Rjx 0 ¢ 1 1+ Rjx
N\ N 8 fa fa
! ! i :
: ! : : 1
i ! 1 | H
;<0 ' : ! ' !
' ' L i i

Ficure 2. The contour of integration, after deformation.

which is a stationary upward-propagating wave as interpreted in §3. In region (2)
w ~ Re*EEHAL0) T, (k8) + By(0)1_; ,(xE)}1,
where A50) = 1111‘1)(VA2(7))- (5.2)
’}'—-)

The first term describes an upward-propagating wave, but the magnitude of 7, u
is, for given |¢|, smaller by a factor exp (— ) above the critical level { = 0 than
it is below it. The critical level thus exercises a crucial influence on the flow. If x
is large (> 1) there is very little motion anywhere above the critical layer.
If¢/risheld fixed and positive as 7 — co, there is a saddle point for the exponent
in (4.19), where

d ¢

cﬁ(ml;'_—’q/) =0, (5.3)
. h 1d( R )\ 7
1.e. where ;E ZT_—-_’}/)—Q K = Z

This is exactly the condition that the vertical component of group velocity of a
wave of frequency «y in the uniform region (1) should equal {/r, and the standard
method of steepest descents yields the contribution to the integral, which de-
scribes a wave of frequency equal to that at the saddle point, which decreases in
amplitude like 7—%. This decrease is consistent with conservation of wave energy
because the band of frequencies corresponding to the region between two slightly
different values of {/7 occupies a larger and larger region of physical space as
T—> 0.

The contributions to the integral associated with the remaining singularities
all tend to zero as 7— 0 for fixed {. This follows from the Riemann-Lebesgue
lemma, because in the neighbourhood of each, along the real axis for v,

B
L |®(y)|dy < o0
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for any two points «, £ on the real axis near the singularity. Then, according to

the lemma p

f W(y)e~*rdy >0 as T—>00.
@

The same is also true for the first vertical derivative of w, so (5.1) describes
the dominant part of the velocity field as 7— oo for fixed £ (0, +1).
However, it is of interest to examine these contributions more closely, par-
ticularly from singularity (e).
The contribution from the neighbourhood of y = { (singularity (¢)) may be
evaluated approximately by putting

v = {44, (5.4)

and expanding the integrand as a power series in d, on the agssumption that only
those values of § which are small are of interest. The leading term of the series in
region (2) has the form

emintr fr (—8/2m)H{A(0) (=) + By() (= 8)~*#} e~ix"ke dd, (5.5)

where A4,({), By({) are the values of 4,, B, when 7 is put equal to ¢, and the con-
tour of integration I, is that portion of the deformed contour which lies near the
point y = {. It passes from 6, < 0 to §; < 0 round the branch point at § = 0. The
rapid convergence of the integral (5.5) when §; becomes negative is ensured by
the factor exp (—ixd71). If 7 is large only small values of & contribute to the
integral, and ignoring all but the leading term of the power series expansion is
justified. It may be written

(5.6)

. [K oxp [ix(E - £7)] {A2(§) C(p) +Bz(€)0(_/l’)}:| ’

(KT)%+'L./” (KT)’%"i/”
where
Clp) = {J . O%H/‘e*f’dﬁ} {exp [3m(p+1)[4] —exp [ —m(pu+1)/4]}. (5.7)

The main interest of equation (5.6) lies in its structure. It describes locally
plane sinusoidal waves with phase k(£ — £7). The lines of constant phase are thus
everywhere advected with the basic flow velocity £, and tilted to a nearly hori-
zontal orientation as 7— 00. The horizontal wave-number remains constant, but
the vertical wave-number becomes large.

The amplitude of the vertical velocity at any given height decays as 7%, but
the horizontal velocity (which is proportional to w,) decreases only as 7—%. The
plane waves are also modulated by the amplitude functions 4,(¢), B,({) and the
time variation 77%, but these variations are slow compared with the changes in
phase.

It is easily verified that the functions

w = R[eik(z—-l7t)t—§:Fi/4] (5.8)

are solutions of the basic governing equation (2.1) in an unbounded uniform
shear U = U’z, provided the motion is quasi-horizontal (62/dx% < 82/82%). The
34-2
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energy density for such motions is uniform and decays as #~1; the Reynolds stress
is also uniform, but decays ast—2.The Reynolds stress for both upward- and down-
ward-travelling solutions has the same sign, the advected wavefronts of the plane
waves being orientated so that wave energy is transformed to the mean flow.
Equation (5.7) shows that the Reynolds stress for the upward-travelling part is
dominated by the motion for each component below its appropriate critical level,
and conversely for the downward-travelling part.

The oscillation is thus being absorbed into the mean flow. This absorption is
associated with the continuous distribution of the disturbance over a band of
frequencies, each frequency with a distinct critical level. The resulting disturb-
ance has no discontinuities in velocity, although the shear (proportional to w,,)
does increase with time.

In the velocity field above a sinusoidal corrugation, these decaying plane waves
are the final remnant of the waves of all frequencies generated at the impulsive
start. There are other remnants, associated with the branch points (b), (¢) and
(d). The structure of these can be investigated in a similar way; they all describe
oscillations with the same frequency all over the flow field, and all decay to zero
as 7—00. These singularities are a consequence of the broken line velocity profile
we adopted, and probably would not appear if a more realistic variation of U(z)
were assumed. However, this will not be pursued here.

So far we have assumed that none of the singularities in the list (a)-(e) coincide
with one another. Thus the points { = —1, 0 or + 1 have been excluded from the
discussion. When singularity (e) coincides with the points (b), (¢) or (d), the inte-
grand is still absolutely integrable and the corresponding contribution tends to
zero as 7—00. More interesting, however, is the region {— 0 as 7+ o0, i.e. within
the critical layer. The separation of the contributions from singularities (a) and
(e) is then no longer permissible; their neighbourhoods must be treated together
and a different asymptotic expression for the contribution is required. It may
be found by expanding the integrand as a power series in y — ¢ but assuming ¢

is also small. If we write y =& = Akr,

the leading term in the series is

[ eixt A0k [ (=A)EHis

—i1
(kT)i+ie (27r)E A+kTE e A

w~ R

Tge

gir B;(O)KJ‘ (—A)t—tu
T

(kT)d= (2mt ) A+k1g e‘“d/\]. (5.9)

The contour T',, is from A = —i0 to A = —jooround both A = 0 and A = —«7¢.

Unfortunately, even these simplified integrals cannot be integrated in terms
of elementary functions, but the structure of the solution is clear. Each integral
is a function of the parameter ~7¢. If this is large two separate contributions from
the pole and the branch point are appropriate, as previously described. If k7¢ is
of order unity, however, w and its vertical derivatives are smoothly varying
functions of { and 7, but the velocity field is essentially time dependent. The
width of this critical layer in which, even a very long time after starting, the
flow has still not settled down to a steady state is comparable to («7)~1, and thus
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decreases with time. A typical vertical velocity in it has magnitude of order 7%;
a typical horizontal velocity is of order 7-% Thus ultimately non-linear terms
which have been ignored to date will become important, and the theory becomes
invalid. However, in principle this invalidation may be delayed indefinitely by
taking a small enough. The important result is that, long before this, the flow
above and below the critical layer has settled down to a steady state, with a small
decaying oscillation superimposed, and that steady state is the same as that ob-
tained by ignoring the details of the critical layer, but matching round it in the
way described in §2. Above and below the critical layer the Reynolds stress is in-
dependent of height, but it is much smaller above it. The change in the Reynolds
stress, which is associated with continuing absorption of momentum from the
wave, takes place across the critical layer, and the resulting acceleration of the
mean flow is confined within an ever-narrowing band of heights. The sign of this
acceleration of the mean flow is such as to decrease the height of the critical layer
with time.

Finally, it is worth remarking on the simplifications which occur when « < 1,
and the motion is everywhere very nearly horizontal. Then A;, A, are small for
the final steady state y = 0, and m; ~ R = (u2+ 1)}, Also

®*
ol PN

throughout the region of interest —x < A < «. Then

= )]2{(% +i(pE+1)E) (erm — e~y L ip(erm + e~rm)). (5.10)

Q(0) ~ [Dp+1

If 4 is greater than about unity, this is dominated by the factor e#”, compared
to which e—#7 ig negligible. Under such circumstances

’ a .
a . T+i(u+ i —au ’
; ~ ——F - 1 2__.._.___—4_—._ .
B~ Jem e T D i e

In the region (2) above the critical layer the ratio of the vertical energy fluxes or
of the Reynolds stresses associated with the downward- and upward-travelling
e LA o

[4a2 (W +Di+p 164 '
Thus very little energy is reflected by the discontinuity in U, at the interface
between regions (1) and (2). Below the critical layer the discrepancy between the
energy fluxes is even larger, being

B2l ur
|43]* 162

—2ur,

Thus, if # > 1, the effect of the region above the critical layer on the region below
it is quite negligible; the critical layer acts as an absorbing barrier of great
effectiveness.
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6. Transient disturbances in a shear flow

A similar analysis to that of §4 may be used to describe the disturbance due to
a transient stimulus in a shear layer, with or without layers of uniform velocity
above and below. Unfortunately the resulting integral which is the formal solu-
tion is hopelessly intractable. Nevertheless, it is possible to make some general
statements about what happens.

First, we consider the asymptotic perturbation velocity field a long time after
a spatially sinusoidal stimulus. In the analysis there is now no pole at y = 0, so
the velocities everywhere decay with time, and the largest contributions come
from singularities of types (b)—(e) defined in §5. Of these, (b), (¢) and (d) are arti-
facts of the chosen broken line basic velocity profile, and would not be present
in an unbounded uniform shear flow. They are associated with decaying oscilla-
tions which are coherent over the whole flow field.

Of more interest are the velocities associated with singularity (e). It was shown
in §5 that these have the form

v W[F(z) + g@} ika—U@D, (6.1)

t%+i,u t%—«'i,u

Each term describes locally plane waves of very small vertical wavelength (the
vertical wave-number is — kt dU/[dz), and with a frequency given by simple ad-
vection by the local mean flow of a pattern which is periodic in . The amplitude
of the vertical velocity decays like t~%, but the horizontal perturbation velocity
is given b FF(z 2

e -

and decays more slowly. Advected decaying plane wave solutions of this type
have also been invoked by Phillips (1966) in a proposed energy spectrum for
internal waves.

It is clear from their derivation that the decay of velocity fields of the form
(6.1) is a manifestation of critical-layer absorption for a continuous spectrum of
frequencies. Each frequency is associated with a critical level z,, and at each
height z there is a corresponding frequency ke for which it is critical. The function
F(z) is proportional to the amplitude in upward-travelling waves of that fre-
quency excited by the original disturbance. It provides a spatial display of the
frequency spectrum.

A qualitative explanation of this effect is provided by the following argument.
If p is large, the development of the original disturbance may be followed using
concepts of wave packets and group velocity. It was shown by Bretherton (1966)
that a wave packet travelling vertically should stagnate in a region near the
critical level corresponding to its dominant frequency. After a long time a dis-
turbance composed of wave packets of all frequencies but initially without a
clear spatial structure should be redistributed by the dispersive wave propagation
until the dominant frequency at each level is that for which the vertical com-
ponent of group velocity is vanishingly small, i.e. for which that level is critical.

1t should also be noticed that equation (6.1) is concerned only with disturb-
ances which are purely sinusoidal in 2. In practice a stimulus is localized in space
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as well as time, and it is necessary to integrate equation (6.1) over a continuous
spectrum of wave-numbers k. Explicit formulae cannot be obtained for a general
initial disturbance, but, if the latter can be represented as a slowly varying
modulation A(zx) on a non-zero dominant wave-number k,, it appears to be con-
sistent to integrate with respect to x after the asymptotic form for large time has
been obtained. If attention is concentrated on a fixed value of z, the horizontal
dependence of the disturbance is then entirely accounted for by replacing the
factor expik{z — U(z)t} in equation (6.1) by

Az — Ut) eikie—0D (6.3)

and k by k, wherever else it implicitly occurs. The contribution of this form is
associated entirely with the continuous spectrum of horizontal phase velocities ¢
for which a critical level lies within the fluid. In addition there may be contribu-
tions which disperse in a horizontal direction from propagating components
without a critical level. These, however, inevitably propagate to infinity faster
than the advection speed U(z) at any level. Thus a wave packet clustered around
a dominant wave-number k, does not behave qualitatively differently from a
single wave-number, and the superposition of a continuum of wave-numbers
seems not to introduce any surprising novel features.

The absence of horizontal dispersion at each level z, which is implied by ex-
pression (6.3), is consistent with the propagation of wave packets. It was shown
(Bretherton 1966) that, when a packet moves vertically towards its critical level
z,, both the vertical component of group velocity and the difference from U(z,) of
the horizontal component decrease to zero as 2. The displacement of the packet
in both directions relative to a frame of reference moving horizontally with
velocity U(z,) is thus strictly bounded, and all packets, wherever they originate,
which have the same critical level soon tend to be moving together without dis-
persion. If a packet is originally moving in a vertical direction away from its
critical level, it either propagates away completely or isinternally reflected within
a finite time, in which case it again ends up near level z,.

It is now possible to check the validity of the linearization on which the whole
calculation is based (§2, assumption (¢)). Using velocity fields (6.1) and (6.2) we
may estimate the non-linear terms

ww, +ww, = O(F*2), (6.4)
whereas w,+ Uw, = O(Ft-%). (6.5)

Thus, in the absence of dissipation, the non-linearities eventually become im-
portant after a time of order 2, however small ¥ may be, and the linearization
fails. At the same time the velocity gradients u, have become comparable to
the basic shear U, so it is possible that the flow becomes turbulent. However, the
vertical scale of the perturbations is then of order ky! F'2, so any turbulence which
results may be expected to be of low intensity. Also, by this time the disturbance
energy is already almost completely absorbed into the mean flow, so the main
conclusions of this paper should be unaffected.

A final result which may be obtained simply concerns the total change of
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momentum of the mean flow as a result of the absorption of the disturbance.
To discuss this we write the total velocity as

Uz)+ U(x, 2, 1) + ul(z, 2,t), Wiz, z,t)+w(x,z,§). (6.6)

Here the perturbations u, w and Uj, W; are assumed to be localized in space,
vanishing sufficiently rapidly at all finite times for their integrals to converge.
U,, W, may roughly be described as second-order Eulerian mean velocities,
associated with first-order small-amplitude disturbances u, w of zero mean.
However, their separation from «, w need be more precise only to the extent of

specifying ‘o +o
f udr = f wdx = 0. (6.7)

— —

It then follows from continuity that, if W, vanishes at some level,

+ w0
f W,dx = 0.

—

+w
Now U, dx
does not necessarily vanish, and may be identified as the mean low momentum at
that level associated with the disturbance, and we shall calculate its total change
during the absorption process.
The equation for the horizontal velocities is

0 2 @ 1
a't(UJrUlJr“H%(U+U1+“)2+a_z{(U+U1+“)(Wi+w)}+;pz = 0. (6:8)

Integrating with respect to x, and remembering that p, u, w, U, are assumed to
vanish sufficiently rapidly as |z| > oo,
N

o [+
il Udx = ——a—zf_w (U +u) (W, +w)de. (6.9)

If the disturbance to the basic flow U(z) is of small amplitude, it is certainly
consistent to assume that U; <€ u, W} € w, and to calculate w to first order in the
manner of the remainder of this paper. Thus we have

[ +wmd4w =-fwm de L (). (6.10)

=0 0 w02

a0

This is a familiar result concerning the role of the Reynolds stress. It is important
to realize that it involves only first-order theory, although computation of U] at
each point involves solving second-order equations.

Expressing the disturbance as a double integral over a continuum of wave-
numbers and horizontal phase velocities according to equations (2.4) and (2.6),
we have from Parseval’s theorem

w +cw +w w
f dt dxuw =f kdcf dkuw, (6.11)
—© 0

0 —®

—_ A A

1 A A
where W = (¥ — D*D,) (6.12)
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is the Reynolds stress for each Fourier component as computed in §3. Thus the
total momentum transferred upwards past each level is simply the integral over
all wave-numbers and frequencies of the Reynolds stress associated with each
Fourier component separately. This is only true of the total effect, not at any
finite time.

Now the Reynolds stress for each Fourier component is independent of height
above and below its critical level, but is discontinuous there, so the only contribu-
tions to the right-hand side of equation (6.10) at any given height z come from
those for which ¢ = U). (6.13)

Integration with respect to ¢ is then equivalent to integration with respect to z,

and 40 @ + z+
[_ Uldx] = —UZJ dkm&] , (6.14)
0

] t=0 Z—

where ww}2* is the discontinuity in Reynolds stress agsociated with that Fourier
component with phase velocity defined by equation (6.13) and wave-number £.

Equation (6.14) is the main result of this section. It states that the total trans-
fer of momentum to the mean flow associated with the passage and partial ab-
sorption of a transient disturbance is finite, distributed over a range of heights,
and calculated from the discontinuity across the critical layer (if any) of each
Fourier component separately. If the disturbance is initiated below z = 0 and
travels upwards, and if the Richardson number is moderately large, the upward-
travelling wave is almost completely absorbed at its critical level. The dis-
continuity is then simply minus the value of the Reynolds stress at z = 0, which
is in turn by equation (3.7) directly connected to the net upward flux of wave
energy at z = 0. It has been derived only for a localized disturbance, but it is
clear that the result can be generalized to a spatially homogeneous distribution of
random disturbances. The integral on the left of equation (6.14) must be replaced
by the mean horizontal velocity at a point, and the Reynolds stress for each
Fourier component replaced by the average per unit distance in the Oz direction.

7. Conclusions

Internal gravity waves propagating with a vertical component of group
velocity in shear flow are almost completely absorbed at a critical level (if it
exists) at which the horizontal component of phase velocity of the wave is equal
to the mean velocity of the fluid normal to the wave front, provided the Richard-
son number R _there is larger than about 1. For } < R_ < 1less complete absorp-
tion occurs, measured by the transmission coefficient exp { — 27(R,— })}} for the
energy flux divided by the local relative frequency. The case R, < % is not
discussed. This absorption is associated with a change in the Reynolds stress
between two constant values above and below the critical layer, implying a
transfer of horizontal momentum by the wave into the mean flow around the
critical level. Previous authors (Eliassen & Palm 1960) have shown that, even
in the absence of a critical level, there is a distributed interchange of wave energy
with the mean flow at all levels, but, for a sinusoidal wave with real phase velocity,
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the Reynolds stress should be independent of height, except possibly at a critical
level.

The absorption mechanism is not dependent on viscosity or other dissipative
processes, and its modification by these has not yet been investigated. It arises
out of a linear theory of small perturbations on the basic flow, an ambiguity in
the solution being settled by consideration of an initial-value problem in which
the motion at some given time is quite general but assumed known and allowed
to develop subsequently, rather than being restricted by the requirement that at
a later time the velocity field must conform to an arbitrary and predetermined
specification. A more physical picture has been given by Bretherton (1966), in
which it is shown that a wave packet travelling with the appropriate local group
velocity will approach the critical level but never reach it, being neither trans-
mitted nor reflected. Near the critical level the vertical wavelength becomes very
small. However, the analysis of this paper covers a wider range of circumstances,
in which the concepts of wave packet and group velocity cannot be clearly
defined, for which the Richardson number is not necessarily large, nor is the
vertical scale of variation of the Brunt-Viisild frequency and of the vorticity of
the basic flow much greater than the vertical wavelength for the waves.

It is, however, required that the distribution of U(z), V(z) is continuous and
differentiable at least near any critical levels. A model of a shear flow in which the
mean velocity is uniform in discrete layers, as considered by Hines & Reddy
(1966), cannot give for a pure sinusoidal component the partial transmission or
the change in Reynolds stress which are obtained here, for the critical level is
inevitably either buried in the zone of discontinuity of mean velocity between
two layers where the local Richardson number is effectively zero, or distributed
over a complete layer in which the relative phase velocity is zero and in which
infinitesimal wave theory is quite inconsistent. Indeed, the conclusions reached
by Hines & Reddy (1966) are significantly different from the present ones: in
the absence of viscosity they claim total reflexion at the critical level, with no
absorption of momentum, and rely on viscosity to dissipate the wave there,
reducing the process to one of absorption.

The analysis of §§4, 5 shows that, if a single Fourier component describing a
sinusoidal wave travelling in the horizontal direction is excited continuously by
some exterior mechanism, the horizontal velocities in a layer of decreasing thick-
ness about the critical level will, according to linearized inviscid theory, increase
in magnitude systematically and indefinitely, though less rapidly than indicated
by conservation of wave energy. Thus ultimately non-linearities become im-
portant however small the forcing mechanism and it seems plausible that a
breakdown to turbulence will occur. However, the magnitude of the transmitted
wave is established long before this occurs, apparently independently of the
details of the flow in the critical layer.

Furthermore, if the forcing is transient and only active for a finite time the
indefinite build-up of the horizontal velocities does not occur. Such a transient
disturbance can only be described by a continuous band of Fourier components,
each with its own critical level, and the critical level absorption takes place over
a range of heights. Equation (5.6) describes the asymptotic velocity distribution
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a long time later where the last remnants of the disturbance appear as locally
plane waves advected by the shear and decaying in magnitude. Even if linear
theory does eventually break down, for any disturbance which is started from
rest the absorption of momentum by the mean flow and the partial transmission
of the wave are largely complete before the non-linearitieshave grown substantial.
In §6 it is shown that the total time-integrated transfer of momentum to the
mean flow by the Reynolds stress for a localized transient disturbance may be
computed from the Reynolds stress at one level for each Fourier component
separately.

The main geophysical applications of these conclusions which appear at present
are in the propagation of gravity waves in the atmosphere from the troposphere
to the ionosphere, and in the transfer of horizontal momentum by internal waves
from the surface down to the interior of the ocean, without associated mixing of
water, salt and heat. The first of these is described in Bretherton (1966) and
developed further in an independent study by Hines & Reddy (1966). The second
is still unexplored, but potentially significant. A third example on which it
throws some light is concerned with lee waves, when the incident stream over the
obstacle reverses at some height. It is predicted here that there should be little
disturbance above the critical level, but large-amplitude perturbations of the
horizontal velocity should build up near there, and turbulent breakdown seems
probable. Gerbier & Berenger (1961) report turbulence found by glider pilots at
such heights, with little or no lee waves above, but their findings are not obviously
consistent with the case studies by which they are illustrated and the evidence
is somewhat obscure.
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